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Chimera states, a symmetry-breaking spatiotemporal pattern in nonlocally coupled dynamical
units, prevail in a variety of systems. However, the interaction structures among oscillators are
static in most of studies on chimera state. In this work, we consider a population of agents. Each
agent carries a phase oscillator. We assume that agents perform Brownian motions on a ring and
interact with each other with a kernel function dependent on the distance between them. When
agents are motionless, the model allows for several dynamical states including two different chimera
states (the type-I and the type-II chimeras). The movement of agents changes the relative positions
among them and produces perpetual noise to impact on the model dynamics. We find that the
response of the coupled phase oscillators to the movement of agents depends on both the phase lag
α, determining the stabilities of chimera states, and the agent mobility D. For low mobility, the
synchronous state transits to the type-I chimera state for α close to pi/2 and attracts other initial
states otherwise. For intermediate mobility, the coupled oscillators randomly jump among different
dynamical states and the jump dynamics depends on α. We investigate the statistical properties in
these different dynamical regimes and present the scaling laws between the transient time and the
mobility for low mobility and relations between the mean lifetimes of different dynamical states and
the mobility for intermediate mobility.
I. INTRODUCTION
Chimera states refer to the type of spatiotemporal pat-
tern consisting of coexisting coherent and incoherent re-
gions. Since the first observation in nonlocally coupled
identical phase oscillators in 2002 [1], chimera states have
evolved in the last decade from surprising symmetry-
breaking patterns to prevailing dynamical phenomena
ranging from physics and chemistry to biology, from clas-
sical to quantum systems [2–12]. Chimera states are
not only numerically found in mathematical models such
as periodic and chaotic maps [13], mechanical oscilla-
tors [14], neuronal oscillators [15–17], but also exper-
imentally realized in mechanical systems [7, 18], opti-
cal systems [9] and chemical systems [8]. Recent works
have shown that chimera states may exist even in oscil-
lators coupled globally [19–22] as well as locally [23, 24].
Chimera states are not restricted to topologies such as
rings, square lattices [25, 26], torus [27], spheres [28],
and Erdo¨s-Re´nyi networks and scale-free networks [29].
Chimera states are robust to random rewiring of edges
[30] in a ring of symmetrically nonlocally coupled phase
oscillators. Though most of works dealt with coupled
oscillators where units support self-oscillating solutions,
chimera states have been studied in nonlocally coupled
excitable systems only allowing for an equilibrium. Se-
menova et. al. realized chimera state in excitable units
in the presence of noise through coherent resonance [31]
and Dai et. al. found that chimera state may emerge
out of excitable units through a coupling-induced collec-
tive oscillation [32]. The connections between chimera
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states and other dynamical phenomena have been inves-
tigated. Motter et. al. proposed a connection between
chimera states and cluster synchronization in networks
of locally coupled chaotic oscillators [33]. Lai et. al.
established a connection between chimera states and a
quantum scattering phenomenon in 2-dimensional Dirac
material systems where manifestations of classically inte-
grable and chaotic dynamics coexist simultaneously [12].
Dai et. al. reported a desynchronization transition from
synchronous to asynchronous chimera states in a bicom-
ponent phase oscillator system when the frequency mis-
match among oscillators increases [34].
Most of previous works on chimera states have as-
sumed the interaction between oscillators to be static.
However, it has been found in various fields, such as
power transmission system [35], consensus problem [36],
and person-to-person communication [37], that there are
many interesting scenarios while interaction patterns are
time-varying. The time-varying interaction patterns may
be realized either by rewiring connections in networks in
the course of time or by assuming oscillators to move in
space. In the past few years, the interest in the collec-
tive dynamics in coupled oscillators has grown rapidly
when oscillators may move in space. Different dynam-
ical behaviors have been investigated, such as ampli-
tude death and resurgence of oscillation [38], mobility-
enhanced signal response [39], and synchronization [40–
42]. It has been shown that synchronization time may
depend non-monotonically on the mobility of oscillators
and the mechanism of driving synchronization are dif-
ferent for different dynamical regimes [43–45]. Chimera
dynamics in mobile oscillators has not been investigated
except for a recent work, in which an array of locally
coupled oscillators exchange positions and the persistent
chimera states may be maintained under the interplay
between the mobility and time delay [46].
2In this paper, we study how chimera dynamics reacts
to the mobility in a ring of nonlocally coupled phase os-
cillators and identify different regimes ruling the chimera
dynamics. The rest of paper is arranged as follows. In
section 2, we present the model in which N agents, each
of which is associated with a phase oscillator, perform
Brownian motions on a ring. In section 3, we first present
the dynamical states existing in the model when agents
are motionless. Then we study the response of these dy-
namical states to the mobility and the statistical proper-
ties of the responses. Finally, we conclude with a sum-
mary in section 4.
II. MODEL
We consider N agents performing independent Brow-
nian motions on a ring with the length L. The position
of agent i, xi, evolves according to
x˙i(t) = ηi(t) (1)
with periodic boundary condition xi(t) + L = xi(t). We
assume that the noise ηi(t) has a Gaussian probability
distribution with mean and correlation function
〈ηi(t)〉 = 0,
〈ηi(t)ηj(t
′)〉 = Dδijδ(t− t
′). (2)
D denotes the noise strength.
Furthermore, each agent is associated with a phase os-
cillator and, then, each agent is characterized by a phase
variable θ. Agents interact with each other with a nonlo-
cal coupling strength depending on the distance between
them and the phase variable θi of agent i evolves in terms
of the following equation
θ˙i(t) = ω −
N∑
j=1
G(dij(t)) sin[θi(t)− θj(t) + α]. (3)
α is the phase lag and ω is the natural frequency for
all oscillators. Without losing generality, ω is set to be
zero. dij(t) = min(|xi(t) − xj(t)|, L − |xi(t) − xj(t)|) is
the distance between agents i and j. The kernel func-
tion G(dij(t)), the nonlocal coupling between oscillators
i and j, is assumed to be even, nonnegative, decreas-
ing with dij(t). To be concrete, we consider widely
used kernel function G(dij(t)) = [1 + A cos(2pidij(t)/L)]
with 0 ≤ A ≤ 1. Comparing with the exponential ker-
nel G(x) ∝ exp(κ|x|) [1], the cosine kernel allows the
model to be solved analytically besides qualitatively sim-
ilar results[2]. The parameter A controls the nonlocal
coupling, and set to be 1 in this paper. The other pa-
rameters are chosen as N = 128 and L = 2pi. To our
knowledge, the model (3) with all motionless oscillators
evenly distributed along the ring allows for two types of
chimera states besides the synchronous state. There is
only one coherent domain in the type-I chimera while
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FIG. 1: The chimera states at α = 1.38 in the left column
and at α = 1.47 in the right column. (a) The snapshot of θ.
(b) The evolution of R(t). (c) The evolution of the locations
of the coherent clusters XC(t). D = 0 and oscillators are
assigned with positions xi = iL/N (i = 1, 2, · · · , N).
there are two coherent domains in the type-II chimera
with oscillators in different coherent domains being in
antiphase. For A = 1, the type-I chimera is stable for
α higher than around 1.31 [2] while the type-II chimera
exists for α higher than around 1.43.
III. RESULTS AND DISCUSSION
We consider three types of initial conditions prepared
at the corresponding α with the positions of motionless
agents xi = iL/N (i = 1, 2, · · · , N), the synchronous
state with all oscillators in phase [θi(t) = θ(t)], the
type-I chimera with one coherent domain in which coher-
ent oscillators are almost in phase(shown in left column
of Fig. 1), and the type-II chimera with two coherent
domains (shown in right column of Fig. 1). The syn-
chronous state is always locally stable when α < pi/2
while chimera states require α close to pi/2 to be sta-
ble. In Fig. 1, we present the type-I chimera at α = 1.38
and the type-II chimera at α = 1.47. The difference
of the two chimera states in the number of coherent
domains is obvious in the snapshots of the spatiotem-
poral plots of oscillators’ phases. To further distin-
guish the two chimera states, we consider two quanti-
ties. The first is the global order parameter defined as
Z(t) = R(t)eiΘ(t) =
∑N
i=1 e
iθi(t). R(t), the amplitude
of global order parameter, fluctuates around 0.65 for the
type-I chimera. In contrast, R(t) for the type-II chimera
is much lower since oscillators in different coherent do-
mains are in antiphase, as shown in Fig.1(b2), R(t) is
3always less than 0.35 for the type-II chimera. The sec-
ond quantity is the location of the coherent domains, Xc,
represented by the center of the coherent domain. To
measure it, we consider position-dependent order param-
eter Z(x, t) = R(x, t)eiΘ(x,t) =
∑N
j=1G(dj)e
iθj(t) with
dj = min(|x− xj |, L− |x− xj |). R(x, t) roughly reaches
its local maximum at Xc. The locations of the coher-
ent domains, Xc, are defined as the positions at which
the amplitude R(x) reaches its local maximum. Since
there are two coherent domains in the type-II chimera,
as shown in Fig. 1(c2), the coherent domains for these
two chimera states move along the ring in an irregular
way, which is due to the finite size effects [47]. It has
been concluded theoretically for the type-I chimera that
the size of the coherent domain decreases with α increase
[2], which suggests that the global order parameter R de-
creases with α. It can be numerically confirmed that the
type-II chimera against α behaves in a similar way.
Then we consider how the model Eqs. (1-3) reacts to
the movement of agents. With nonzero D, agents walk
randomly along the ring. Between successive times t
and t′, the displacement of an agent , |x(t) − x(t′)| =√
2D(t− t′) is given as square root for short time in-
terval t − t′, which suggests that the mobility of agents
may be measured by the noise strength D and, large
D means high mobility. The relative positions between
agents change as time goes on, which takes effects on the
dynamics of agents in two aspects. Firstly, the mobility
of agents may act as perpetual perturbation to chimera
states when coherent oscillators may move out of coher-
ent domains and incoherent oscillators may move into
coherent domains. The higher the mobility, the stronger
the perturbation. It is well known that, for the model
here, chimera states in a finite number of motionless
agents are always transient to the synchronous state [47]
but with transient time increasing with the number of os-
cillators in an exponential way. Therefore, the mobility
of agents may drive a chimera state to the synchronous
state. Secondly, the summation
∑N
j=1G(dij) is no longer
a constant and, it becomes both time-dependent and
agent-dependent. Consequently, the time-varying sum-
mation for each agents actually act as a perpetual per-
turbation to the synchronous state, may prevent chimera
states from being attracted by the synchronous state.
For the convenience of illustration in the following, we
present an example of dynamical process with moving
agents. Fig. 2(a) shows that R spends most time on the
sections with R close to 1, R close to 0, and R close to
0.65 and these sections are connected by frequent jumps
among them. The insets in Fig. 2(a) show the snapshots
of oscillators in these three time sections with different
R. Clearly, the sections with R close to 1 is in the syn-
chronous state while the time sections with R close to
0.65 and 0 are featured by the type-I and the type-II
chimeras, respectively. We also plotted the averaged R
in the moving window with the length of 50 time units
in order to reduce the fluctuation in R in value and the
qualitative features are the same. Figure 2(b) plots Xc
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FIG. 2: (a) The evolutions of R(t) (black) and the window
averaged R(t) (red). The insets show the snapshots of θ for
different dynamical states, the synchronous state (blue) where
R close to 1, the type-I chimera (green) with R close to 0.65,
and the type-II chimera (pink) with R close to 0. The ar-
rows denote the time at which snapshots are taken. (b) The
evolution of the locations of the coherent domains. A = 1,
α = 1.38, and D = 4× 10−3.
with time. In the time sections of the type-II chimera,
there are two possible Xc at the same time. In contrast,
the synchronous state and the type-I chimera state are
hard to be distinguished by Xc though Xc varies slowly
with time in the sections.
The response of the model Eqs. (1-3) to the mobility
of agents depends on α. We consider three cases: 1)
α = 1.38 close to the stability boundary of the type-
I chimera where the type-II chimera cannot be main-
tained; 2) α = 1.47 where both the type-I chimera and
the type-II chimera can be maintained; 3) α = 1.54 close
to α = pi/2 beyond which incoherent state is always sta-
ble. We consider three types of initial conditions, the
synchronous state and the type-I chimera prepared at the
corresponding α with the positions of motionless agents
xi = iL/N , and the type-II chimera in Fig. 1(a2). For
each parameter combination, α and D, and each type
of initial conditions, we run tens of realizations and the
typical results are presented in Fig. 3. The left column in
Fig. 3 shows the results for weak mobility D = 10−5. For
α = 1.38, both the type-I and the type-II chimeras evolve
towards the synchronous state though the transient time
for the type-II chimera is much longer than that for the
type-I chimera. However for α = 1.47, only the type-I
chimera will transit to the synchronous state while the
type-II chimera is maintained for the simulation time up
to 6 × 105 time units. Interestingly, weak mobility may
transfer the synchronous state to the type-I chimera at
α = 1.54 while the type-II chimera is robust to the per-
turbation induced by the mobility of agents. For inter-
mediate mobility D = 4 × 10−3, the coupled oscillators
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FIG. 3: The evolutions of R starting with the synchronous state (black), the type-I chimera (red), and the type-II chimera
(blue) for different α and D. D = 10−5 in the left column, D = 4× 10−3 in the middle column, and D = 4× 10−2 in the right
column. α = 1.38 in the top row, α = 1.47 in the middle row, and α = 1.54 in the bottom row.
response to the mobility of agents at α = 1.38 by jumping
among the synchronous states, the type-I and the type-
II chimeras in an irregular way regardless of the initial
states. In contrast, the coupled oscillators jump only be-
tween the type-I and the type-II chimeras at α = 1.47.
The random jumps between the two chimeras are lost at
α = 1.54. The right column in Fig. 3 shows the situa-
tion with high mobility D = 4 × 10−2. Independent of
α and initial conditions, R fluctuates around the value
close to the type-I chimera. Increasing α reduces the
fluctuation. Actually, there is no clear signature for the
type-I chimera to be identified, which may be caused by
fast movement of Xc if the dynamical state does belong
to the type-I chimera.
The response of dynamical states to the mobility of
agents may be related to the basin stability [48]. The
basin stability is a method to account for the stability
of a dynamical state by using its attraction basin but
not the linear stability analysis. Generally, the basin
stability of a dynamical state is strong if the fraction of
initial conditions leading to the state is high. There are
two competing processes when a dynamical state is sub-
jected to perpetual perturbation, the perturbation drives
the system away from the state and even to exit its at-
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FIG. 4: The transient time T is plotted against the mobility
D at α = 1.38 in (a) and at α = 1.47 in (b), respectively, with
the type-I chimera as the initial state. The blue line denotes
the fitting curve T ∼ D−0.4. (c) T against α with the type-I
chimera as the initial state, D = 10−5. (d) T against D with
the type-II chimera as the initial state, α = 1.47 and the data
is fitted to be T ∼ D−0.56 (the blue line).
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FIG. 5: The mean lifetimes of the synchronous state (black),
the type-I chimera (red), and the type-II chimera (green) are
plotted against D. α = 1.38 in (a) and α = 1.47 in (b).
traction basin while the nonlinear stability draws the
system within the attraction basin back towards it. In
this view, how a system owning multistable states reacts
to perpetual noise is determined by the basin stabilities
of these dynamical states and the strength of perpetual
noise. The stronger the basin stability of a state, the
more possibly the state to be an absorbing state. The
stronger the perpetual noise, the more possibly the sys-
tem to be taken away from a dynamical state. For the
model Eqs. (1-3), the basin stabilities of the type-I and
the type-II chimeras increase with α while the one of the
synchronous state decreases with α. Considering that the
global parameter R for the type-I chimera is in between
the synchronous state and the type-II chimera, it seems
that it is easier for the type-II chimera to transit to the
type-I chimera than to the synchronous state, which is
also observed in extensive simulations. We first consider
the case with weak mobility. For α = 1.38, the basin sta-
bility of the synchronous state is much stronger than that
of the type-I chimera and, the type-II chimera is not sus-
tainable, which leads to the synchronous state to be the
only absorbing one. For α = 1.47, the type-II chimera
is stable and the results in Fig. 3(d) suggest that the
type-I and the type-II chimeras have comparable basin
stabilities. In comparison with the synchronous state,
the type-I and the type-II chimeras have weaker basin
stabilities, which results in that initial type-I chimera is
absorbed by the synchronous state. However, the type-
II chimera is sustained since the type-I chimera plays a
role of buffer to keep the type-II chimera away from the
synchronous state. For the case with intermediate mobil-
ity, the noise is strong enough to take the system out of
the attraction basin of any dynamical state. As a result,
we find the frequent jumps of the system among different
states for α = 1.38. It is also interesting to note that, the
system is just only between the two chimeras for α = 1.48
and stays around the type-I chimera for α = 1.54, which
suggest that the driving away from dynamical states by
perpetual perturbation and drawing back to the state by
its nonlinear stability contributes to the response of the
system in a collective way but not in a simple way. When
noise is sufficiently strong, the perpetual noise dominates
and it drives the system away from the three states. Un-
der such strong noise, the effect of nonlinear stability can
hardly be seen.
To get a clearer view on the response of the system to
the mobility of agents, we investigate the transient time
T of a given initial state before it is captured by the syn-
chronous state for weak mobility (small D). Bearing the
Brownian motions of agents in mind, we know that tran-
sient time T may not be the same in different simulation
runs even for the same initial conditions. For this sake,
we record the transient time for those realizations leading
the system to the absorbing synchronous state. The tran-
sient time T for each D is averaged over 20 realizations.
Figures 4(a) and (b) show T against D for α = 1.38 and
α = 1.47 with the type-I chimera as initial conditions, re-
spectively. Interestingly, T seems to scale with D roughly
as T ∼ D−γ . Fitting the curve with a linear function in
the double-log plot, we find that the exponent γ ≃ 0.4
seems to be insensitive to α. To be mentioned, the scaling
relation between T and D is fitting well just for weak mo-
bility. ForD > 4×10−4 at α = 1.38 and forD > 4×10−6
at α = 1.47, the synchronous state is competing with the
jumping between different dynamical states, which re-
sults in the violation of the scaling relation. Actually,
the transient time T here amounts to the first passage
time of the coupled oscillators to the boundary of the
attraction basin of the type-I chimera. For a Brownian
particle in a homogeneous space, the first passage time of
the particle to leave a given domain scales withD with an
exponent −1. γ = 0.4 in Figs. 4(a) and (b) suggests that
both perpetual perturbation due to the mobility of agents
and the nonlinear stability of the type-I chimera collec-
tively contribute to the scaling behavior of T against D.
The transient time T againstD tends to deviate from the
scaling law at largeD. The comparison between Fig. 4(a)
and (b) also shows that the transient time T at large α
is much larger than that at small α, behind which is that
the basin stability of the synchronous state (the chimera
states) decreases (increase) with α. Then, we investigate
the transient time T against α at D = 10−5. As shown
in Fig. 4(c), T increases with α. When α goes down be-
6low 1.33, T decreases to 0 since chimera states become
unstable at sufficient low α. On the other hand, T shows
a sharp rise and large fluctuation at around α = 1.49
beyond which the synchronous state is no longer the ab-
sorbing state. As shown in Fig. 4(d) where the type-II
chimera is chosen to be initial states, the transient time
T to the synchronous state also exhibits a scaling law
with D. The exponent γ ≃ 0.56 is different from that
with the type-I chimera as initial conditions, which fur-
ther supports the collective contributions to the transient
time from the mobility of agents and the nonlinear stabil-
ity of the current dynamical state. Comparing with the
case with the type-I chimera as initial conditions, the
case with the type-II chimera as initial conditions shows
longer transient time and stronger fluctuation, both of
them result from the facts that the route from the type-
II chimera to the synchronous state has to involve the
type-I chimera.
For intermediate mobility, the coupled phase oscil-
lators jump among different dynamical states and the
lengths of the time sections holding a certain dynami-
cal state may fluctuate greatly. We are interested in the
jumping dynamics which may be characterized by the
mean lifetimes τ of different dynamical states. To calcu-
late τ , we set two R, R1 = 0.9 and R2 = 0.4. The dy-
namical state is thought to be in the synchronous state
when R > R1, in the type-II chimera when R < R2,
and the type-I chimera when R2 < R < R1. To re-
duce the fake jumps among these states, we monitor
the window averaged R. The coupled phase oscillators
jump among the synchronous state and the two chimera
states at α = 1.38, and Fig. 5(a) presents τ against D for
these states. With D increasing, we find that the mean
lifetimes of both the synchronous state and the type-II
chimera decrease. On the contrary, the mean lifetime of
the type-I chimera increases with the mobility D and sat-
urates at large D such as D = 10−2. The observations
that τ tends to zero for both the synchronous state and
the type-II chimera and that τ stays at around hundreds
of time units for the type-I chimera at large D indicate
that the jumps among the three states become frequent
with D increase. Then we consider the jump dynamics
at α = 1.47 where the jumps occur mainly between the
two chimera states. We treat the time sections holding
the type-I chimera as those with R > R2 and holding the
type-II chimera otherwise. The mean lifetimes against D
are presented in Fig. 5(b). Increasing the mobility always
leads the rise (fall) of the lifetime of the type-I (the type-
II) chimera. The abnormal behavior of the lifetime of the
type-I chimera that τ is much high for D < 10−3 hints
that the existence the synchronous state in some time
sections cannot be ignored. Additionally, Fig. 5 shows
that the time sections supporting either the synchronous
state or the type-II chimera do not exist for high mobility.
IV. CONCLUSION
In this work, we consideredN agents performing Brow-
nian motions on a ring. Each agent carries a phase os-
cillator and interacts with others with a kernel function
depending on the distance between them. When agents
are motionless, the model reduces to a standard one in
the field of chimera state and allows for three dynamical
states, the synchronous state, the chimera state with one
coherent domain (the type-I), and the chimera state with
two coherent domains (the type-II). The motion of agents
impacts on the model dynamics by the perpetual distur-
bances induced by the change of relative positions among
agents. We found that the response of the coupled phase
oscillators to the movement of agents depends on both
the phase lag α and the agent mobility D. For low mobil-
ity, the type-I chimera state transits to the synchronous
state for α more less than pi/2 and becomes an absorb-
ing state otherwise. For intermediate mobility, the cou-
pled oscillators randomly jump among different dynami-
cal states depending on α. We also investigated the sta-
tistical properties in these different dynamical regimes.
We found the scaling laws between the transient time
and the mobility for low mobility and presented the rela-
tions between the mean lifetimes of different dynamical
states and the mobility for intermediate mobility. In this
work, we did not discuss the situation with sufficiently
high mobility. Uriu et. al. [49] have shown that mo-
bile coupled oscillators behave as a mean field system at
high mobility of oscillators and Petrungaro et. al. [50]
have showed that chimera states disappear for very high
mobility and the global synchronization dominates the
system. For the model with Eqs. (1-3) in this work, the
synchronous state with all oscillators being in phase is no
longer the solution to the model [see the inset in fig2(a)].
Though the chimera dynamics is lost at sufficiently high
mobility, the seemingly disorder states with R 6= 1 ap-
pear.
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